ON LESIEUR'S MEASURED QUANTUM GROUPOIDS 
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Abstract. In his thesis ([LI]), which is published in an expended 
and revised version ([L2]), Franck Lesieur had introduced a notion 
of measured quantum groupoid, in the setting of von Neumann 
algebras, using intensively the notion of pseudo-multiplicative uni- 
tary, which had been introduced in a previous article of the author, 
in collaboration with Jean-Michel Vallin [EV] . In [L2] , the axioms 
given are very complicated and are here simplified. 
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I. Introduction 

1.1. In two articles ([Vail], [Val2]), J.-M. Vallin has introduced two 
notions (pseudo-multiplicative unitary, Hopf-bimodule), in order to 
generalize, up to the groupoid case, the classical notions of multiplica- 
tive unitary [BS] and of Hopf-von Neumann algebras [ES] which were 
introduced to describe and explain duality of groups, and leaded to 
appropriate notions of quantum groups ([ES], [Wl], [W2], [BS], [MN], 
[W3], [KV1], [KV2], [MNW]). 

In another article [EV], J.-M. Vallin and the author have constructed, 
from a depth 2 inclusion of von Neumann algebras M C Mi, with an 
operator-valued weight T x verifying a regularity condition, a pseudo- 
multiplicative unitary, which leaded to two structures of Hopf bimod- 
ules, dual to each other. Moreover, we have then constructed an action 
of one of these structures on the algebra Mi such that M is the fixed 
point subalgebra, the algebra Mi given by the basic construction being 
then isomorphic to the crossed-product. We construct on Mi an action 
of the other structure, which can be considered as the dual action. 
If the inclusion M C M x is irreducible, we recovered quantum groups, 
as proved and studied in former papers ([EN], [El]). 
Therefore, this construction leads to a notion of "quantum groupoid", 
and a construction of a duality within "quantum groupoids". 

1.2. In a finite-dimensional setting, this construction can be mostly 
simplified, and is studied in [NV1], [BSzl], [BSz2], [Sz], [Val3], [Val4], 
and examples are described. In [NV2], the link between these "finite 
quantum groupoids" and depth 2 inclusions of ll\ factors is given. 

1.3. Franck Lesieur introduced in his thesis [LI] a notion of "measured 
quantum groupoids", in which a modular hypothesis on the basis is 
required. Mimicking in a wider setting the technics of Kustermans and 
Vaes [KV], he obtained then a pseudo-multiplicative unitary, which, 
as in the quantum group case, "contains" all the information of the 
object (the von Neuman algebra, the coproduct, the antipod, the co- 
inverse). Unfortunately, the axioms chosen then by Lesieur don't fit 
perfectely with the duality (namely, the dual object doesnot fit the 
modular condition on the basis chosen in [LI]), and, for this purpose, 
Lesieur gave the name of "measured quantum groupoids" to a wider 
class [L2], whose axioms could be described as the analog of [MNW], 
in which a duality is defined and studied, the initial objects considered 
in [LI] being denoted now "adapted measured quantum groupoids". 
In [E3] had been shown that, with suitable conditions, the objects 
constructed in [EV] from depth 2 inclusions, are "measured quantum 
groupoids" in this new setting. 
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1.4. Unfortunately, the axioms given in ([L2], 4) are very complicated, 
and there was a serious need for simplification. This is the goal of this 
article. 

1.5. This article is organized as follows : 

In chapter [2] are recalled all the definitions and constructions needed 
for that theory, namely Connes-Sauvageot's relative tensor product 
of Hilbert spaces, fiber product of von Neumann algebras, and Vaes' 
Radon-Nikodym theorem. 

The chapter [3] is a resume of Lesieur's basic result ([L2], 3), namely the 
construction of a pseudo-multiplictaive unitary associated to a Hopf- 
bimodule, when exist a left-invariant operator-valued weight, and a 
right-invariant valued weight. 

The chapter H] is mostly inspired from Lesieur's "adapted measured 
quantum groupoids" ([L2], 9), with a wider hypothesis, namely, that 
there exists a weight on the basis such that the modular automorphism 
groups of two lifted weights (via the two operator- valued weights) com- 
mute. This hypothesis allows us to use Vaes' theorem, and is a nice 
generalization of the existence of a relatively invariant measure on the 
basis of a groupoid. With that hypothesis, mimicking ([L2], 9), we 
construct a co-inverse and a scaling group. 

In chapter [5j we go on with the same hypothesis. It allows us to 
construct two automorphism groups on the basis, which appear to be 
invariant under the relatively invariant weight introduced in chapter H] 
It is then straightforward to get that we are now in presence of Lesieur's 
"measured quantum groupoids" ([L2], 4) and chapter [U] is devoted to 
main properties of these. 

1.6. The author is indebted to Frank Lesieur, Stefaan Vaes, Leonid 
Vamerman, and especially Jean-Michel Vallin, for many fruitful con- 
versations. 

2. Preliminaries 

In this chapter are mainly recalled definitions and notations about 
Connes' spatial theory ( 12.11 12.31) and the fiber product construction 
(12.41 12. 5p which are the main technical tools of the theory of measured 
quantum theory. 

2.1. Spatial theory [CI], [S2], [T]. Let iV be a von Neumann alge- 
bra, and let ip be a faithful semi-finite normal weight on N; let 9^, SDT^, 
H^, 7r^, A^jJ^, A^,... be the canonical objects of the Tomita-Takesaki 
construction associated to the weight ip. Let a be a non-degenerate 
normal representation of iV on a Hilbert space 7i. We may as well 
consider TC as a left iV-module, and write it then a 7i. Following ([CI], 
definition 1), we define the set of ^-bounded elements of a TC as : 

D( a H,il>) = {ZeH;3C< oo, \\a(y)£\\ < C\\A^y)\\,\fy e %p} 
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Then, for any £ in D( a Ti,ip), there exists a bounded operator i? a '^(£) 
from H^p to Ti, defined, for all y in 9^ by : 

iT^COMv) = «(y)£ 
This operator belongs to Hom N {H^,,Ti)] therefore, for any £, 77 in 
D( a Ti,ip), the operator : 

^(£,77) = R a ^(i)R a ^(r])* 

belongs to a{N)'\ moreover, D( a TC,ip) is dense ([CI], lemma 2), stable 
under a(N)', and the linear span generated by the operators #"'^(£,77) 
is a weakly dense ideal in ct(N)'. 
With the same hypothesis, the operator : 

< £,77 >^= R^^YR^H) 

belongs to -k^(N)'. Using Tomita-Takesaki's theory, this last algebra is 
equal to J^,7ty(iV)J^, and therefore anti-isomorphic to N (or isomorphic 
to the opposite von Neumann algebra N°). We shall consider now 

< >a,ip as an element of N°, and the linear span generated by 
these operators is a dense algebra in iV . More precisely ([C], lemma 
4, and [S2], lemme 1.5b), we get that < £,77 >° a ^ belongs to Wl^, and 
that : 

M< £^ >«,*) = V^O*'* 

If y in N is analytical with respect to ip, and if £ G D( a H, ip), then we 
get that «(?/)£ belongs to D( a H : ip) and that : 

^(«(y)£) = i?^(£) MtifiW* 

So, if 77 is another -^-bounded element of a Ti, we get : 

There exists ([C], prop. 3) a family (ej) i6 j of -^-bounded elements ol a Ti, 
such that 

^^(e i ,e i ) = l 

i 

Such a family will be called an (a, ■0)-basis of Ti- 
lt is possible ([EN] 2.2) to construct an (a, ^)-basis of Ti, (ej)j e j, 
such that the operators R a, ^(ei) are partial isometries with final sup- 
ports 9 a '^(ei,ei) 2 by 2 orthogonal, and such that, if i ^ j, then 

< ei,ej >a,tp= 0. Such a family will be called an (a, 7/>)-orthogonal 
basis of Ti. 

We have, then : 

< £, »7 >a,V= < 11, &i > ^ < e * > «-V' 
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the sums being weakly convergent. Moreover, we get that, for all n in 
N, 6 a '^(ei, ei)a(n)ei = a(n)ej, and d a ^(e i) e,) is the orthogonal projec- 
tion on the closure of the subspace {a(n)ei,n e AT}. 
If e AutN, then it is straightforward to get that D( ao gT-C,ip o 6) = 
D{ a 'H 1 ip), and then, we get that, for any £, 77 in D( a TC,ip) '■ 

<Z,V >° ao e,4oe= r '(< ^ >a,^) 
Let /3 be a normal non-degenerate anti-representation of iV on 7i. We 
may then as well consider 7i as a right A^-module, and write it Tip, or 
consider /3 as a normal non-degenerate representation of the opposite 
von Neumann algebra N°, and consider TC as a left iV°- module. 
We can then define on N° the opposite faithful semi-finite normal 
weight we have OT^o = Ot^, and the Hilbert space H^o will be, 
as usual, identified with H^, by the identification, for all x in Oty,, of 
A^,o(a;*) with J^A^(x). 

From these remarks, we infer that the set of -^"-bounded elements of 
Tip is : 

D(H P ,P) = {£ G H; 3C < 00, ||/3(y*)£|| < C||A^(y)||, Vy e ^} 

and, for any £ in D(Hp, and y in Ot^,, the bounded operator i? /3 '^°(£) 
is given by the formula : 

This operator belongs to Hom N o(H^,,TC). Moreover, D(Hp,ip°) is 
dense, stable under f3(N)' = P, and, for all y in P, we have : 

Then, for any £, 77 in D(TCp,ip°), the operator 

6f > >*°(Z,ri) = R f, '*°(S)RW(riy 

belongs to P, and the linear span generated by these operators is a 
dense ideal in P; moreover, the operator-valued product < £,77 >p^° = 
RW°(r))*R M °{£) belongs to tt^{N); we shall consider now, for simpli- 
fication, that < £,77 >/3,^° belongs to TV, and the linear span generated 
by these operators is a dense algebra in N, stable under multiplication 
by analytic elements with respect to ip. More precisely, < £,77 >p,fo 
belongs to fJJl^ ([C], lemma 4) and we have ([SI], lemme 1.5) 

A4<Z,v>w°) = R' 3 ' r (vyz 

A ■0°)-basis of 7i is a family (e;) ie / of 7/>°-bounded elements of 7^, 
such that 
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We have then, for all £ in DiTip) : 

i 

It is possible to choose the (ej)j e j such that the itr'^°(ej) are partial 
isometries, with final supports Q^^° {e^ e^) 2 by 2 orthogonal, and such 
that < ej,ej >p^o— if i ^ j; such a family will be then called a 
(P, ?/> )-orthogonal basis of H. We have then 

R^°(e t ) = e^ie^e^R^ie,) = R M ° {e,) < a, a > M „ 

Moreover, we get that, for all n in N, and for all i, we have : 

^°(e i ,e i )/3(n)e i = /3(n)e i 

and that 0^°(ei, e^) is the orthogonal projection on the closure of the 
subspace {(3(n)ei,n G AT}. 

2.2. Jones' basic construction and operator-valued weights. 

Let M C Mi be an inclusion of von Neumann algebras (for simpli- 
fication, these algebras will be supposed to be a-finite), equipped with 
a normal faithful semi-finite operator-valued weight Ti from M 1 to M 
(to be more precise, from M^ to the extended positive elements of Mo 
(cf. [T] IX.4.12)). Let ipo be a normal faithful semi-finite weight on Mq, 
and ijji = ifj o Ti; for i = 0, 1, let if, = if^, J, = J^, A* = A^ be the 
usual objects constructed by the Tomita-Takesaki theory associated 
to these weights. Following ([J], 3.1.5(i)), the von Neumann algebra 
M 2 — J\MqJi defined on the Hilbert space Hi will be called the basic 
construction made from the inclusion M C Mi. We have Mi C M 2 , 
and we shall say that the inclusion M C Mi C M 2 is standard. 
Following ([EN] 10.6), for x in 9t Tl , we shall define A Tl (x) by the fol- 
lowing formula, for all z in < Jl^, : 

A Tl (x)A^(z) = 

Then, A Tl (x) belongs to HomMg(H , Hi); if x, y belong to $1^, then 
A Tl (x)*A Tl (y) = Ti(x*y), and A Tl (x)A Tl (y)* belongs to M 2 . 
Using then Haagerup's construction ([T], IX. 4. 24), it is possible to con- 
struct a normal semi-finite faithful operator- valued weight T 2 from M 2 
to Mi ([EN], 10.7), which will be called the basic construction made 
from Ti. If x, y belong to 91^, then A Tl (x)A Tl (y)* belongs to VJIt 2 , 
andT 2 (A ri (x)A Tl (y)*) = xy* . 

By Tomita-Takesaki theory, the Hilbert space Hi bears a natural struc- 
ture of Mi — M{*-bimodule, and, therefore, by restriction, of Mo — Mq- 
bimodule. Let us write r for the canonical representation of Mo on 
Hi, and s for the canonical antirepresentation given, for all x in M , 
by s(x) = Jir(x)*Ji. Let us have now a closer look to the subspaces 
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D(H 1s ,iPq) and D^Hi^q). If x belongs to 91^ fl < Jl 1 p 1 , we easily get 
that JiA^x) belongs to D( r Hi,ip ), with : 

R r ^(J 1 A^ 1 (x)) = J 1 A Tl (x)J 

and A^x) belongs to D(Hi s ,ip ), with : 

R^o(A^(x))=A Tl (x) 

In ([E3], 2.3) was proved that the subspace D(Hi s ,i(jq) fl D( r Hi, ip ) is 
dense in Hi, let us write down and precise this result : 

2.2.1. Proposition. Let us keep on the notations of this paragraph; let 
%/, 1 ,t 1 be the algebra made of elements x in HOTti HW^, an- 
alytical with respect to ipi, and such that, for all z in C, crf 1 (x) belongs 

to n «yt Tl n 9^ n . Then ■. 

(i) the algebra T^ l}Tl is weakly dense in M 1; - it will be called Tomita's 
algebra with respect to ipi and T 1; - 

(ii) for any x in %p ljTl , A^(x) belongs to D(Hi s ,iPq) fl D( r Hi, ip ); 
(Hi) for any £ in D(Hi s ,i/jq)) , there exists a sequence x n in 

such that Ar^Xn) = R s '^° (A^x)) is weakly converging to i? s '^o(£) and 
A^Xn) is converging to £. 

Proof. The result (i) is taken from ([EN], 10.12); we get in ([E3], 2.3) 
an increasing sequence of projections p n in Mi, converging to 1, and 
elements x n in %p 1 ,r 1 such that A^, 1 (a;„) = p n ^. So, (i) and (ii) were 
obtained in ([E3], 2.3) from this construction. More precisely, we get 
that : 

Ti(x* n x n ) = <R s ^(A^(x n )),R s ^(A^(x n ))> s ^ 

= <Pn£,Pn£>s,4>° 

= R S ^°(0*PnR S ' r (0 

which is increasing and weakly converging to < > s ,ip°- D 

We finish by writing a proof of this useful lemma, we were not able 
to find in litterature : 

2.2.2. Lemma. Let Mq C Mi be an inclusion of von neumann alge- 
bras, equipped with a normal faithful semi-finite operator-valued weight 
T from Mi to M . Let ip be a normal semi-finite faithful weight on 
M , and ipi = ipo ° T; if x is in OTt, and if y is in M' Q fl Mi, analytical 
with respect to ipi, then xy belongs to DTr- 

Proof. Let a be in Ot^; then xa belongs to < K t / )1 , and xya = xay belongs 
to < yi^p 1 ; moreover, let us consider the element T(y*x*xy) of the positive 
extended part of M$; we have : 

< T(y*x*xy),u Ai)Q (a) >= ^ 1 (a*y*x*xya) = ||A^ x (xa2/) || 2 = 
= \\ J ^t\, 2 {y*)J^^A xa )\\ 2 = \\Jfr<T% 2 (y*) J 'l>i A -T(x)Ai h {a)\\ 2 
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from which we get that T(y*x*xy) is bounded and 



T{y*x*xy) <\\a%Jy*)\\ 2 T{x*x) 



□ 



2.3. Relative tensor product [CI], [S2], [T]. Using the notations 
of 12. H let now /C be another Hilbert space on which there exists a 
non-degenerate representation 7 of N. Following J.-L. Sauvageot ([S2], 
2.1), we define the relative tensor product 7i/3© 7 /C as the Hilbert space 

obtained from the algebraic tensor product D(Ti./3,ip ) © /C equipped 
with the scalar product defined, for £1, £ 2 in D(TCp, tp°), 771, 772 in /C, by 

(61 ©?7i 16 0^2) = (7(< 6l,6 >/3,V°)^l|^2) 

where we have identified iV with tt^{N) to simplifly the notations. 
The image of £ © 77 in H /3 © 7 /C will be denoted by £ /3 © 7 77. We shall 

use intensively this construction; one should bear in mind that, if we 
start from another faithful semi- finite normal weight ?/>', we get another 

Hilbert space Ti,p<S> 7 JC; there exists an isomorphism hom.7ip® 1 lC 

ip 1 ip 

to H ,3© 7 /C, which is unique up to some functorial property ([S2], 2.6) 

(but this isomorphism does not send £ / g© 7 77 on £ /3 © 7 77 !). 

When no confusion is possible about the representation and the anti- 
representation, we shall write Tt ©,/, /C instead of TC /3© 7 /C, and £ ©,/, 77 

</> 

instead of £ i g© 7 77. 

If 9 G AutN, then, using a remark made in I2.ll we get that the ap- 
plication which sends £ /3© 7 77 onto £ /3 e®ao9 V leads to a unitary from 

H jl3 © 7 /C Onto H l3o9®aoe IC. 
tp tpoO 

For any £ in D(H/3,ip°), we define the bounded linear application A^' 7 

from ICtoTi /j© 7 /C by, for all 77 in /C, Xf^ir]) = £ p®^?]. We shall write 

1/? i/i 

A^ if no confusion is possible. We get ([EN], 3.10) : 

Af 7 = i^°(£) ©^ 1 K 

where we recall the canonical identification (as left iV-modules) of 
L 2 (N) ©^ /C with /C. We have : 

(Af 7 )*Af 7 = 7 (< 6£ >/^) 



In ([SI] 2.1), the relative tensor product Ti j g© 7 K is defined also, if £1, 
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£ 2 are in Ti, rji, r) 2 are in Z}( 7 /C, ip), by the following formula : 

(&©»7i 16 7ft) = (/3(< t?i, 772 > 7 ^)6l6) 

which leads to the the definition of a relative flip which will be 

an isomorphism from H p® 1 /C onto /C 7 ®0 Ti, defined, for any £ in 

if) tf>° 

D(Hp,r), V^D^JO;), by : 

o>(£ ®^rf) = V ®4>° £ 
This allows us to define a relative flip q^ from C(Hp®^IC) to £(/C 7 £*Dg7i) 

which sends X in £(7i ^(gJ-y /C) onto fy(-X") = ff^XcrJ. Starting from 

another faithful semi-finite normal weight ip', we get a von Neumann 

algebra £(H p®^ /C) which is isomorphic to £(H p®^ /C), and a von 

1// ^ 

Neumann algebra £(/C 7 (8> / a 7i) which is isomorphic to C{JC ^®p H); as 
we get that : 

we see that these isomorphisms exchange q^ and q^i. Therefore, the 
homomorphism q^ can be denoted q^ without any reference to a specific 
weight. 

We may define, for any r\ in D( 7 K,,ip), an application p^' 7 from TL to 
/j®^, /C by p^' 7 (£) = £ /30 7 rj. We shall write p,, if no confusion is 

possible. We get that : 

We recall, following ([S2], 2.2b) that, for all £ in H, rj in D( y lC,if>), y 
in iV, analytic with respect to ip, we have : 

Let x be an element of JC(7i), commuting with the right action of N 
on Hp (i.e. x G /3(N)'). It is possible to define an operator x p®^ 1^ 

V 

on (9 (g) 7 /C. We can easily evaluate \\x p®^ 1^||, for any finite J C I, 
for any r]i in fC, we have : 

((x*Xp® 1 l^)(S ieJ e i/3 (g) 7 7701(^6^/307^)) = 

tp tp 1p 

= E ieJ (7(< xe h xei >p^o)r] i \r] i ) 

< ||x|| 2 Si eJ (7(< e^e, >p,^o)r]i\r]i) = ||x|| 2 ||E ie je^(g) 7 ?pj| 

V 

from which we get \\x p®^ 1^|| < \\x\\. 

By the same way, if y commutes with the left action of N on 7 /C (i.e. y 
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is in j(N)'), it is possible to define 1^ 0<g> 7 y on TC /C, and by com- 

%p ip 

position, it is possible to define then x p® 1 y. If we start from another 

faithful semi-finite normal weight if)', the canonical isomorphism Up'z 

from TC p®^ K to TC p®^ /C sends a; ^ig^ t/oni p® 1 y ([S2], 2.3 and 2.6); 

ijj ip' ip ip f 

therefore, this operator can be denoted x p® y y without any reference 

TV 

to a specific weight, and we get \\x p®^y\\ < ||a;|| ||y||. 

If 9 G AutN, the unitary from 7i /C onto TC p e®aoe K- sends x p® 1 y 

ip ipo0 TV 

on x p e® 10 e y- 
/v 

With the notations of 12.11 let (ej)j e j a (/3, ?/>°)-orthogonal basis of TC] 
let us remark that, for all rj in /C, we have : 

e» /3® 7 ?7 = e» 7(< e u >w)r) 

On the other hand, 9^^° (e^, e$) is an orthogonal projection, and so is 
9 (3, ^°(e i , ti) 0® 7 1; this last operator is the projection on the subspace 

TV 

ej/3® 7 7(< ej,ej >p^o)IC ([E2], 2.3) and, therefore, we get that TCp®^}Q 

ip tp 

is the orthogonal sum of the subspaces i g® 7 7(< e i; >p^°)K-\ for 
any S in TC p®.yfC, there exist & in /C, such that 7(< e», >p^o)^i = £i 

and H = Xli e « /3®7 Ci> from which we get that J2i ll&ll 2 = ll^ll 2 - 

ip 

Let us suppose now that /C is a iV — P bimodule; that means that 
there exists a von Neumann algebra P, and a non-degenerate normal 
anti-representation e of P on /C, such that e(P) C j(N)'. We shall 
write then 7 /C € . If y is in P, we have seen that it is possible to define 

then the operator 1^ p® y e(y) on TC p®^ JC, and we define this way a 

ip ip 

non-degenerate normal antirepresentation of P on TC p®^ /C, we shall 

V 

call again e for simplification. If 7i is a Q — iV bimodule, then TC p®^ JC 

V 

becomes a Q — P bimodule (Connes' fusion of bimodules). 
Taking a faithful semi-finite normal weight v on P, and a left P-module 
(i.e. a Hilbert space £ and a normal non-degenerate representation 
C of P on £), it is possible then to define (TCp® 7 IC) e ®^£. Of course, it 

is possible also to consider the Hilbert space TCp® 7 (/C € ®^£). It can be 

shown that these two Hilbert spaces are isomorphics as (3(N)' — C(P)'°- 
bimodules. (In ([VI] 2.1.3), the proof, given for N = P abelian can be 
used, without modification, in that wider hypothesis). We shall write 
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then Ji p® 1 fC C without parenthesis, to emphazise this coassocia- 

tp V 

tivity property of the relative tensor product. 

Dealing now with that Hilbert space TC p<® 1 K e ®£ C, there exist differ- 

•ip V 

ent flips, and it is necessary to be careful with notations. For instance, 
1/3 ® o v is the flip from this Hilbert space onto TC J g® 7 (£ K.), where 

tp tp v° 

7 is here acting on the second leg of C JC (and should therefore be 
written 1 7, but this will not be done for obvious reasons). Here, 

v° 

the parenthesis remains, because there is no associativity rule, and to 

remind that 7 is not acting on £. The adjoint of lp ® a v is lp <S> <J U °. 

tp tp 

The same way, we can consider e ®£ 1 from TC i a® 7 /C e ®£ £ onto 

y tp u 

tp° V 

Another kind of flip sends TC ( g® 7 (£ f® e /C) onto £ (W /3® 7 /C). 

tp v° v° tp 

We shall denote this application a^' 2 (and its adjoint cr^ 7 ), in order to 
emphasize that we are exchanging the first and the second leg, and the 
representation 7 and e on the third leg. 

If 7r denotes the canonical left representation of N on the Hilbert space 
L 2 (N), then it is straightforward to verify that the application which 
sends, for all £ in TC, x normal faithful semi-finite weight on N, and 

x in 9t x , the vector £p ® n J x A x (x) on /3(x*)£, gives an isomorphism of 

x 

® n L 2 (N) on 7i, which will send the antirepresentation of N given 

x 

by n I— >■ 1-np ® w J x n*J x on /3 
x 

If /C is a Hilbert space on which there exists a non-degenerate repre- 
sentation 7 of AT, then /C is a iV — 'y(N)' bimodule, and the conjugate 
Hilbert space /C is a j(N)' — N° bimodule, and, ([S2]), for any normal 
faithful semi-finite weight <fi on jCN)', the fusion 7 /C®/C 7 is isomorphic 

to the standard space L 2 (N), equipped with its standard left and right 
representation. 

Using that remark, one gets for any x e /3(N)' : 

||z/3<8>7 1/c 1 1 < 1^/3(8)7 Ik ® Ijcll = ll x /3® U 2 (Af)|| = \\%\\ 

N N f(N)'° at 

from which we have \\x p®^ l/c|| = 

N 

2.4. Fiber product [VI], [EV]. Let us follow the notations of let 
now Mi be a von Neumann algebra on TC, such that /3(iV) C Mi, and 
M2 be a von Neumann algebra on /C, such that 7(iV) C M2. The von 
Neumann algebra generated by all elements x p®.y y, where x belongs 

TV 
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to M[, and y belongs M' 2 will be denoted M[ /3 ® 7 M' 2 (or M[ ® N M' 2 if 

N 

no confusion if possible), and will be called the relative tensor product 
of M[ and M 2 over N. The commutant of this algebra will be denoted 
Mi p* 1 M 2 (or Mi *n M 2 if no confusion is possible) and called the 

N 

fiber product of Mi and M 2 , over N. If 9 G AutN, using a remark 
made in 12.31 we get that the von Neumann algebras Mi p* 1 M2 and 

N 

Mi ,3061*7061 M 2 are spatially isomorphic, and we shall identify them. 

N 

It is straightforward to verify that, if Pi and P 2 are two other von 
Neumann algebras satisfying the same relations with N, we have 

Mi * N M 2 n Pi * N P2 = (Mi n Pi) * N (M 2 n P 2 ) 

Moreover, we get that &v(Mi /3* 7 M 2 ) = M 2 7 * /3 Mi. 

N N° 

In particular, we have : 

(Mi n P(N)') /3 ® 7 (M 2 n 7 (JV)') C Mi p* y M 2 

AT AT 

and : 

M M * 77 (iV) = (Mi n /?(#)') /?® 7 1 
v v 

More generally, if f3 is a non-degenerate normal involutive antihomo- 
morphism from N into a von Neumann algebra Mi, and 7 a non- 
degenerate normal involutive homomorphism from iV into a von Neu- 
mann algebra M 2 , it is possible to define, without any reference to a 
specific Hilbert space, a von Neumann algebra Mi p* 1 M 2 . 

N 

Moreover, if now (3 1 is a non-degenerate normal involutive antihomo- 
morphism from iV into another von Neumann algebra Pi, 7' a non- 
degenerate normal involutive homomorphism from iV into another von 
Neumann algebra P 2 , $ a normal involutive homomorphism from Mi 
into Pi such that $o/3 = /3', and \l/ a normal involutive homomorphism 
from M 2 into P 2 such that ^ o 7 = 7', it is possible then to define a 
normal involutive homomorphism (the proof given in ([SI] 1.2.4) in the 
case when iV is abelian can be extended without modification in the 
general case) : 

$ ^* 7 * : Mi /3 * 7 M 2 h-> Pi /3 ,* 7 , P 2 

N N N 

Let $ be in AutM 1 , * in AwtM 2 , and let 6> G AutN be such that 
$ o (3 = (3 o 9 and $07 = 70^ then, using the identification between 
Mi ^* 7 M 2 and Mi /3 e*7oe M 2 , we get the existence of an automorphism 

N N 

$ /3* 7 * of Mi /3 * 7 M 2 . 

AT AT 

In the case when 7 /C e is a iV — P° bimodule as explained in 12.31 and 
c £ a P-module, if <y(N) C M 2 and e(P) C M 2 , and if C(P) C M 3 , 
where M 3 is a von Neumann algebra on C, it is possible to consider 
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then (Mi p* 1 M 2 ) e *( M 3 and M 1 /3 * 7 (M 2 e *c M 3 ). The coassociativity 

N P N p 

property for relative tensor products leads then to the isomorphism 

of these von Neumann algebra we shall write now Mi p* 1 M 2 M3 

TV p 

without parenthesis. 

2.5. Slice maps [E3]. Let A be in M x /3 * 7 M 2 , ip a normal faithful 

N 

semi-finite weight on N, H an Hilbert space on which M 1 is acting, /C 
an Hilbert space on which M 2 is acting, and let £1, £ 2 be in D(Hp, -0°); 
let us define : 

(uj^ 2 ^td)(A) = (X^rAX^ 

V> 

We define this way (uj^^ 2 p*^id)(A) as a bounded operator on /C, which 

V 

belongs to M 2 , such that : 

One should note that /3* 7 id){l) = j(< £i,£ 2 >p$°). 

Let us define the same way, for any 771, 772 in D( y lC,tp): 

{id^^ m ){A) = {p^yA P ^ 

which belongs to Mi. 

We therefore have a Fubini formula for these slice maps : for any £1, 
£2 in D(H/3,ip°)i ?7i, 7/2 in -D( 7 /C, ■0), we have : 

< /J*7 id )(^)> £< W > = < (^/3*7^ 1 fl 2 )(^)^a,a > 

Let 0i be a normal semi- finite weight on M+ , and A be a positive 
element of the fiber product Mi / 3* 7 M 2 , then we may define an element 

N 

of the extended positive part of M 2 , denoted (0i p* 1 id)(A), such that, 

for all 77 in P( 7 L 2 (M 2 ), -0), we have : 

||(0i /3* 7 ^)(A) 1/2 r/|| 2 = 0i(id^* 7 c^)(A) 

Moreover, then, if 2 is a normal semi-finite weight on M^, we have : 

02(0i /3* 7 id) (A) = 01 (id 0* 7 2 )(A) 

and if a;, are in Mi* such that 0i = supiUi, we have (0i i g* 7 id) (A) = 

V> 

SUPi(Ui /3* 7 id) (A). 

Let now Pi be a von Neuman algebra such that : 

(3{N) C Pi C Mi 
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and let (i = 1, 2) be a normal faithful semi-finite operator valued 
weight from Mj to P$; for any positive operator A in the fiber product 
Mi i g* 7 M 2 , there exists an element (<3>i i g* 7 zd)(A) of the extended posi- 

N ip 

tive part of P 1I3 * J M 2 , such that ([E3], 3.5), for all rj in P( 7 L 2 (M 2 ), ip), 

N 

and £ in £>(L 2 (P 1 ) /3 , -0°), we have : 

ip tp t/> 

If is a normal semi-finite weight on P, we have : 

(0 O $! id) (A) = (0 /3* 7 /3* 7 id) (A) 

ip ip 

We define the same way an element (id ^* 7 $2) 0*4.) of the extended 
positive part of Mi 7 *g P 2 , and we have : 

N 

(idp*^ $ 2 )(($i /3 * 7 id)(A)) = ($i/3* 7 id)((id/3* 7 $ 2 )(A)) 

Considering now an element x of Mia * w ir(N), which can be identified 

' ^ 

(J23D to M x n /3(N)', we get that, for e in 9^, we have 

{idp * n uj^ Ai>(e) )(x) = (3(ee*)x 

Therefore, by increasing limits, we get that (idp * n ip) is the injection 

of Mi n P(N)' into Mi. More precisely, if x belongs to Mi n (3(N)', we 
have : 

(idp * w ip){xp ® w l) = x 

4> ip 

Therefore, if <J> 2 is a normal faithful semi-finite operator-valued weight 
from M 2 onto 7(iV), we get that, for all A positive in Mi /3 * 7 M 2 , we 

N 

have : 

{idp * 7 V» o $ 2 )(^)/3 ® 7 1 = (idju * 7 $ 2)(^) 

With the notations of 12.11 let (e*)i e j be a -0°)-orthogonal basis of 
using the fact (I2.3P that, for all 77 in /C, we have : 

e-i /3® 7 77 = ej /3® 7 7(< e i; >/3,ip°)v 
tp ip 

we get that, for all X in Mi /3* 7 M 2 , £ in D{7ip, -0°), we have 

N 

(w£ )6i ^* 7 id)(X) = 7(< e i; e< ^^(H^ ^ id)(X) 
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2.6. Vaes' Radon-Nikodym theorem. In [V] is proved a very nice 
Radon-Nikodym theorem for two normal faithful semi-finite weights 
on a von Neumann algebra M. If $ and \I/ are such weights, then are 
equivalent : 

- the two modular automorphism groups cr* and a commute; 

- the Connes' derivative [D^fr : DQ] t is of the form : 

[DV : D$] t = X t2/2 5 u 

where A is a non-singular positive operator affiliated to Z(M), and S 

is a non-singular positive operator affiliated to M. 

It is then easy to verify that af(S ls ) = \ lst S ls , and that 

[D$ o a? :D$] a = X ist 



[D* o a? :DV] S = \~ lst 
Moreover, we have also, for any x G M + : 

y(x)=hm n <S>((5 1/2 e n )x(5 1/2 e n )) 

where the e n are self-adjoint elements of M given by the formula : 




4y4 X ix 5 iy dxdy 



where we put a n = 2n 2 r(l/2)~ 1 T(l/4)~ 1 . The operators e n are analytic 
with respect to a* and such that, for any zeC, the sequence crf(e n ) 
is bounded and strongly converges to 1. 

In that situation, we shall write \l/ = &s and call 8 the modulus of 
\I/ with respect to $; A will be called the scaling operator of ^ with 
respect to $. 

Moreover, if a E M is such that a8 1 ^ 2 is bounded and its closure aS 1 / 2 
belongs to 9t$, then a belongs to 91$. We may then identify A$(a) 
with A$(a5 1 / 2 ), J$ with A^ 4 J$, A$ with Jq>5~ 1 J$<5A$. 



3. HOPF-BIMODULES AND PSEUDO-MULTIPLICATIVE UNITARY 

In this chapter, we recall the definition of Hopf-bimodules (13. ip . the 
definition of a pseudo-multiplicative unitary (13. 2p . give the fundamental 
example given by groupoids ( 13. 4p . and construct the algebras and the 
Hopf-bimodules "generated by the left (resp. right) leg" of a pseudo- 
multiplicative unitary ( 13.31) . We recall the definition of left- (resp. 
right-) invariant operator-valued weights on a Hopf-bimodule; if we 
have both operator-valued weights, we then recall Lesieur's construc- 
tion of a pseudo-multiplicative unitary. 
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3.1. Definition. A quintuplet (N,M,a,f3,Y) will be called a Hopf- 
bimodule, following ([Vail], [EV] 6.5), if N, M are von Neumann al- 
gebras, a a faithful non-degenerate representation of N into M, j3 a 
faithful non-degenerate anti-representation of N into M, with commut- 
ing ranges, and Y an injective involutive homomorphism from M into 
M p* a M such that, for all X in N : 

N 

(i) T(P(X)) = l f) ® a p{X) 

N 

(ii) Y{a{X)) = a{X) p ® a \ 

N 

(iii) T satisfies the co-associativity relation : 

(r /3* a id)T = (id p * a Y)Y 

N N 

This last formula makes sense, thanks to the two preceeding ones and 

If (N, M, a, (3, T) is a Hopf-bimodule, it is clear that (N°, M, (3, a, Sn°Y) 
is another Hopf-bimodule, we shall call the symmetrized of the first one. 
(Recall that ° Y is a homomorphism from M to M r * s M). 

N° 

If iV is abelian, a — f3, Y — q N o Y, then the quadruplet (N, M, a, a, Y) 
is equal to its symmetrized Hopf-bimodule, and we shall say that it is 
a symmetric Hopf-bimodule. 

Let Q be a groupoid, with Q^°> as its set of units, and let us denote 
by r and s the range and source applications from Q to given by 
xx~ l = r(x) and x~ 1 x = s(x). As usual, we shall denote by (or 
(?ifr) the set of composable elements, i.e. 

Q (2) = {(x,y)eg 2 - 1 s(x)=r(y)} 

In [Y] and [Vail] were associated to a measured groupoid Q, equipped 
with a Haar system (X u ) u£ g(o) and a quasi-invariant measure fj, on Q^°> 
(see [Rl], [R2], [C2] II. 5 and [AR] for more details, precise definitions 
and examples of groupoids) two Hopf-bimodules : 
The first one is (L°°((?( ), /i), L°°(Q, u), rg, sg, Yg), where v is the mea- 
sure constructed on Q using /x and the Haar system (\ u ) ue g(o), where 
we define rg and Sg by writing , for g in L°°(Q^) : 

rg(g) = gor 
sg(g) = 9°s 

and where Yg(f), for / in L°°(Q), is the function defined on by 
(s,t) i — > f{st)\ Yg is then an involutive homomorphism from L°°(Q) 
into L°°(gl r ) (which can be identified to L°° (g) S %.L°° (g)) . 

The second one is symmetric; it is (L°°(g^), C(Q), rg, rg, Yg), where 
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C(Q) is the von Neumann algebra generated by the convolution algebra 
associated to the groupoid Q, and Tg has been defined in [Y] and [Vail]. 

3.2. Definition. Let N be a von Neumann algebra; let be a Hilbert 
space on which TV has a non-degenerate normal representation a and 
two non-degenerate normal anti-representations (3 and (3. These 3 ap- 
plications are supposed to be injective, and to commute two by two. 
Let v be a normal semi-finite faithful weight on JV; we can therefore 
construct the Hilbert spaces ft p® a ft and S) 5). A unitary W 

from S) p<S) a ft onto S) a ®& $). will be called a pseudo-multiplicative 

unitary over the basis N, with respect to the representation a, and 
the anti-representations (3 and (3 (we shall say it is an (a, (3, 0) -pseudo- 
multiplicative unitary), if : 

(i) W intertwines a, (3, (3 in the following way : 

W(a(X) p ® a 1) = (1 a ®p a(X))W 
W(lf,® a 0(X)) = (l a ® $ P(X))W 
W0(X) p ® a 1) = 0(X) a ® $ l)W 

N jyo 

W(lf,® a $(X)) = {l3(X) a ® $ l)W 

(ii) The operator W satisfies : 

(lfl Q ®3 W)(W p® a ljj) = 

No N 

= (W a ® Wcr^iW $ ® a l)(l fl p ® a o v o){\^ p ® a W) 

N° N N N 

Here, cr^ goes from (H H) p® a H to (H p<g> a H) H, and 
lfl f3® a cr u o goes from H /3® a (H H) to H {3® a H H. 

N v v o v v 

All the properties supposed in (i) allow us to write such a formula, 
which will be called the "pentagonal relation". 

One should note that this definition is different from the definition 
introduced in [EV] (and repeated afterwards). It is in fact the same 
formula, the new writing 

^(^A l)(l*/J®a<7«,0 
N N 

is here replacing the rather akward writing 

(o> a ®p IjsX 1$5 a®/3 /3Q9q O'yoj 

but denotes the same operator, and we suggest the reader to convince 
himself of this easy fact. 
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All the properties supposed in (i) allow us to write such a formula, 
which will be called the "pentagonal relation". 

If we start from another normal semi-finite faithful weight v' on N, 
we may define, using 12.31 another unitary W u = I WU^ ' a from 

/3®a •£) onto Sj a ®p Sj. The formulae which link these isomorphims 

v v i 

between relative product Hilbert spaces and the relative flips allow us 
to check that this operator W is also pseudo-multiplicative; which 
can be resumed in saying that a pseudo-multiplicative unitary does 
not depend on the choice of the weight on N. 

If W is an (a, $, /3)-pseudo-multiplicative unitary, then the unitary 
a v W*a v from S) ^ a f) to S) a ®p fj is an (a, /3, /3)-pseudo-multiplicative 

unitary, called the dual of W. 

3.3. Algebras and Hopf-bimodules associated to a pseudo-multiplicative 
unitary. For £ 2 in D( a Sj, v), r] 2 in D(S)^ the operator (p^f)*Wp^ a 
will be written (id * V£ 2tm )(W)] we have, therefore, for all £1, rji in fj : 

((id * w&,, B )(W%l 7 7i) = (W(£i p® a 6)|?7i a ®/3 7/2) 

and, using the intertwining property of W with f3, we easily get that 
(id * uj£ 2)TI2 )(W) belongs to $(N)'. 

If x belongs to N, we have (id * uj^ 2iTI2 )(W)a(x) = (id * u^ 2 ^ x *) m )(W), 
and (3(x)(id * u^ m )(W) = (id * ^ (se)& ^)(W). 

If £ belongs to D( a Sj, v)nD($)s, v°\ we shall write (id*u^)(W) instead 
of (id * lu^)(W). 

We shall write A W (W) the weak closure of the linear span of these oper- 
ators, which are right a(iV)-modules and left /3(iV)-modules. Applying 
([E2] 3.6), we get that A W (W)* and A W (W) are non-degenerate alge- 
bras (one should note that the notations of ([E2]) had been changed 
in order to fit with Lesieur's notations). We shall write ^4(W) the von 
Neumann algebra generated by A W (W) . We then have A(W) C /3(N)'. 
For & in D{S}p, U°), Vi in D( a fj, u), the operator (X^fyWX^ will be 
written (u)£ um * id)(W); we have, therefore, for all £2, f]i in f) : 

and, using the intertwining property of W with (3, we easily get that 
(u ium * id)(W) belongs to (3(N)' '. If f belongs to D(% /)nD(„ji, u), 
we shall write (u^ * id)(W) instead of (oj^ * id)(W). 

We shall write ^(W) the weak closure of the linear span of these op- 
erators. It is clear that this weakly closed subspace is a non degenarate 

algebra; following ([EV] 6.1 and 6.5), we shall write .A(Vr) the von Neu- 
mann algebra generated by A W (W). We then have A(W) C P(N)'. 
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In ([EV] 6.3 and 6.5), using the pentagonal equation, we got that 
(N, A(W), a, 0, T), and (N°, A{W),(3, a, f) are Hopf-bimodules, where 
T and T are defined, for any x in ^4(VF) and y in A(W), by : 

r(ar) = W*(l a ® $ x)W 

N° 

?(y) = W(yp® a l)W* 

N 

In ([EV] 6.1(iv)), we had obtained that x in C(Sj) belongs to A(W)' if 
and only if x belongs to a(N)' fl f3(N)' and verifies 

{x a ®~ p 1)W = W(x p ® a l) 

No N 

We obtain the same way that y in C(Sj) belongs to «4(VF) if and only 
if y belongs to a(N)' fl $(N)' and verify (1 a <g>^ y)W = W(l ® a y). 

Moreover, we get that a(N) C AD A, f3(N) C A, f3(N) C A, and, for 
all x in N : 

T(a(x)) = a(x) p® a 1 

N 

r((3(x)) = lp® a (3(x) 

N 

T(a(x)) = 1 a ®p a(x) 

N° 

F0(x)) = ${x) a ®p 1 

N° 

Following ([E2], 3.7) If 771, ^ 2 are in D( a Sj : is), let us write (id*uj£ 2jVl )(G v oW) 
for (\^f )*Wp^ 2 a ; we have, therefore, for all £1 and i] 2 in : 

(id * (^ 2iJ7l )(o>jy)£i|77 2 ) = (W(£i p® a £2)^1 

v v o 

Using the intertwining property of W with a, we get that it belongs to 
a(N)'] we write C W (W) for the weak closure of the linear span of these 
operators, and we have C W (W) C ct(N)'. It had been proved in ([E2], 
3.10) that C W (W) is a non degenerate algebra; following ([E2] 4.1), we 
shall say that W is weakly regular if C W (W) = a(N)'. If W is weakly 

regular, then A W (W) = A{W) and AJW) = A(W) ([E2], 3.12). 

3.4. Fundamental example. Let Q be a measured groupoid, with 
as space of units, and r and s the range and source functions from 
Q to G^°\ with a Haar system (\ u ) ue g(») and a quasi- invariant measure 
fi on Let us write v the associated measure on Q. Let us note : 

Gr, r = {( x iV) e G 2 ,r(x) =r(y)} 

Then, it has been shown [Vail] that the formula Wgf(x, y) = f(x, x^y), 
where x, y are in Q, such that r(y) = r(x), and / belongs to L 2 [Q^) 
(with respect to an appropriate measure, constructed from A" and fi), 
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is a unitary from L 2 (C?( 2 )) to L 2 (Q 2 r ) (with respect also to another ap- 
propriate measure, constructed from A" and //). 

Let us define rg and sg from L°°(Q^) to L°°(Q) (and then considered 
as representations on C(L 2 {Q))), for any / in L°°(Q^), by rg(f) = for 
and sg(f) = f os. 

We shall identify ([Y], 3.2.2) the Hilbert space L 2 (£ (2) ) with the rela- 
tive Hilbert tensor product L 2 (Q, v) SQ ® rQ L 2 (Q, u), and the Hilbert 

space L 2 (Q 2 r ) with L 2 (Q,v) rg ®r g L 2 ^,^). Moreover, the unitary 

Wg can be then interpreted [Val2] as a pseudo-multiplicative unitary 
over the basis L°°((/( )), with respect to the representation rg, and 
anti-representations sg and rg (as here the basis is abelian, the no- 
tions of representation and anti-representations are the same, and the 
commutation property is fulfilled). So, we get that Wg is a (rg, sg,rg) 
pseudo-multiplicative unitary. 

Let us take the notations of I3.3t the von Neumann algebra A(Wg) is 
equal to the von Neumann algebra L°°(Q,i>) ([Val2], 3.2.6 and 3.2.7); 
using ([Val2] 3.1.1), we get that the Hopf-bimodule homomorphism T 
defined on L°°(Q, v) by Wg is equal to the usual Hopf-bimodule ho- 
momorphism Tg studied in [Vail], and recalled in 13.11 Moreover, the 

von Neumann algebra ^(Wg) is equal to the von Neumann algebra 
C(G) ([Val2], 3.2.6 and 3.2.7); using ([Val2] 3.1.1), we get that the 
Hopf-bimodule homomorphism T defined on C(Q) by Wg is the usual 
Hopf-bimodule homomorphism Tg studied in [Y] and [Vail]. 
Let us suppose now that the groupoid Q is locally compact in the sense 
of [Rl]; it has been proved in ([E2] 4.8) that Wg is then weakly reg- 
ular (in fact was proved a much stronger condition, namely the norm 
regularity) . 

3.5. Definitions ([LI], [L2]). Let (N, M, a, (3, T) be a Hopf-bimodule, 
as defined in I3.lt a normal, semi-finite, faithful operator valued weight 
T from M to a(N) is said to be left-invariant if, for all x G 9Jt£, we 
have : 

(idf,* a T)r(x)=T(x)f,® a l 

N N 

or, equivalently ( \2.5h . if we choose a normal, semi-finite, faithful weight 
v on N, and write $ = vooT x oT , which is a normal, semi- finite, faithful 
weight on M : 

(id p * a $)T(x) =T(x) 

N 

A normal, semi- finite, faithful operator- valued weight T' from M to 
f3(N) will be said to be right-invariant if it is left-invariant with respect 
to the symmetrized Hopf-bimodule, i.e., if, for all x G 971^,, we have : 

(T' p* a id)T{x) = l p ® a T\x) 

N N 
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or, equivalently, if we write ^ = v o j3 



of : 



(* /3* a i 



d)T(x) = T'(x) 



N 



In the case of a Hopf-bimodule, with a left-invariant normal, semi- 
finite, faithful operator valued weight T from M to a(N), Lesieur had 
constructed an isometry U in the following way : let us choose a normal, 
semi-finite, faithful weight v on N, and let us write $ = v o or x o T, 
which is a normal, semi-finite, faithful weight on M; let us write J$, 
A$ for the canonical objects of the Tomita-Takesaki theory associated 
to the weight and let us define, for x in N, (3(x) = J$a(a;*)J$. 
Let ^ be a Hilbert space on which M is acting; then ([L2], theorem 
3.14), there exists an unique isometry from f) a ®aH<$, to f) p® a H$, 



such that, for any (f3, v°) -orthogonal basis of (H<s,)p, for any a 

in OTt fl 9T$ and for any t> in D((H<s>)p, u°), we have 



Then, Lesieur proved ([L2], theorem 3.37) that, if there exists a right- 
invariant normal, semi-finite, faithful operator valued weight T' from M 
to (3(N), then the isometry Uh 9 is a unitary, and that W = U% is an 



Proposition Let (N, M,a, /3,T) be a Hopf-bimodule, as defined in 
lff.il " let us suppose that there exist a normal, semi-finite, faithful left- 
invariant operator valued weight T from M to a(N) and a right-invariant 
normal, semi-finite, faithful operator valued weight T' from M to /3(N); 
let us write <£> = v o a" 1 o T, and let us define, for n in N : 



U%(v a ®g A$(a)) = 2J& /3® a A$((u v> £. f3* a id)(T(a))) 




f3{n) = J$a(n*)J§ 



Then the (a, $, f3) -pseudo-multiplicative unitary from j3® a to 



V 



Hq, a ®3 H<p verifies, for any x, yi, y 2 in *n T fl 91$ : 



N 



Proof. This is just ([L2], 3.19). 



□ 



Remark Clearly, the pseudo-multplicative unitary W does not de- 
pend upon the choice of the right-invariant operator-valued weight T". 
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4. COINVERSE AND SCALING GROUP 

In this chapter, we are dealing with a Hopf-bimodule (N, a, (3, M, T), 
equipped with a left-invariant operator- valued weight Tl, and a right- 
invariant operator- valued weight Tr. If v denotes a normal semi-finite 
faithful weight on the basis, let $ (resp. be the lifted normal faithful 
semi-finite weight on M by Tl (resp. Tr). Then, with the additional 
hypothesis that the two modular automorphism groups associated to 
the two weight $ and \l/ commute, we can construct a co-inverse, a scal- 
ing group and an antipod, using slight generalizations of the construc- 
tions made in ([L2],9) for "adapted measured quantum groupoids". 

4.1. Definition. Let (N, a, j3, M, T) be a Hopf-bimodule, equipped with 
a left-invariant operator- valued weight Tl , and a right-invariant valued 
weight Tr; let v be a normal semi-finite faithful weight on N; we shall 
denote $ = v o a^ 1 o Tl and \I/ = v o f3~ x o Tr the two lifted normal 
semi-finite weights on M. We shall say that the weight v is relatively 
invariant with respect to Tl and Tr if the two modular automorphisms 
groups cr* and cr* commute. 

4.2. Lemma. Let (N, a, (5, M, V) be a Hopf-bimodule, equipped with a 
left-invariant operator-valued weight T L , and a right-invariant valued 
weight Tr; let v be a normal semi-finite faithful weight on N, relatively 
invariant with respect to Tl and Tjg QTTU / we shall denote $ = voor 1 o 
Tl and = v o o Tr the two lifted normal semi-finite weights on 
M. Let us suppose that the two modular automorphisms groups a* and 
a* commute, and let us denote 5 the modulus of \1/ with respect to $ 
and A the scaling operator ^2.60 . We shall use the notations of \2.2.1\ 
Then : 

(i) let x G Tq, t T R an d n £ N and y = e n x, with the notations of \2.6[' 
then y belongs to D ^t r , is analytical with respect to and the 
operator a^ i ^ 2 (y*)5 1 ^ 2 is bounded, and its closure cr^ , 2 (y*)5 1 / 2 belongs 
to 91$; moreover, with the identifications made in \2.b\ we have : 

A*(a* /2 (y*)5V2) = J*A*(y) 

(ii) let E be the linear space generated by all such elements of the form 
a*^ 2 (y*)^ 1 / 2 , for all x G T^, Tr and n G N; then E is a weakly dense 
subspace 0/91$, and, for all z G E, A$(z) G D((H<s>)p, v°); 

(Hi) the linear set of all products < A$(z), A^(z') >p, u ° (for z, z' in E) 
is a dense subspace of N. 

Proof. As e n is analytical with respect to y belongs to H WItr, 
is analytical with respect to and a^ i ^ 2 (y*)5 1 ^ 2 is bounded ([V], 1.2); 

as 5~ l is the modulus of $ with respect to ^ we get that cr^ i ^ 2 (y*)5 1 / 2 

belongs to 9T$; we identify A$(cr* i/ , 2 (?/*)5 1 / 2 ) with A$(it_^ 2 (j/*)) = 
Jq,Aq,(y), which is (i). 
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The subspace E contains all elements of the form cr* i//2 (x*)5 1 / 2 cr* i y 2 (e n ) 
(x G T^ t T R ), and, by density of T^Tr in M, we get that the closure of E 
contains all elements of the form ae ri 5~ 1 / 2 5 1 / 2 <r*^ 2 (e ri ) = ae ri <7*^ 2 (e n ), 
for all a G M; now, as e n cr* i , 2 (e n ) is converging to 1, we finally get 
that E is dense in M; as A$(£) C J^A*^ n OTrJ, we get, byO, 
that, for all z in E, A$(z) belongs to D((H$)/3, u°); more precisely, we 
have : 



i?^°(A $ (a* /2 (x*)5V%*. /2 (e n ))) = R^°{J^{e n x)) = A TR {e n x) 

Therefore, the set of elements of the form < A$(z), A$(z') >/3,v° con- 
tains all elements of the form (3~ l o Tn(x*e n e n x), for all x in T^,t r and 
n G N; as T R (x*e n e n x) = A TR (e n x)* A TR (e n x) = A Tr (x)* : e* n e n A TR (x); 
so, its closure contains all elements of the form (3~ l o Tr(x*x), and, 
therefore, it contains (3~ l o Tr(DJI^ r ), which finishes the proof. □ 

4.3. Definition. As in ([L2], 9.2), we can define, for all A G C, a closed 
operator A$ q,®^ A$, with natural values on elementary tensor prod- 

N° 

ucts; it is possible also to define a unitary antilinear operator J§ a ®pJ<$, 

N° 

from H$ a <S>s H$ onto H$ a<g) a Hq> (whose inverse will be J$ ^ a J$); 

N° N N 

by composition, we define then a closed antilinear operator 5$ S$, 

N° 

with natural values on elementary tensor products, whose adjoint will 
be F$ 5® Q F$. 

N 

4.4. Proposition. For all a, c in (91$ n 0t T J*(9t* n 9t T J ; d ^ 
7*,^ an d 9 h in E, the following vector : 

U* rY„*UA . (h\ (\f 3 < a 



r(»*)[A*(fc) (A^ ( ^ )) )*^(A$(a) a ®^A $ ((cd)*))] 



belongs to D(S<f, a <g>pS<f,), and the value of o- 1/ (S$ a <g)zS$) on this vector 

V* V* 

is equal to : 

U* H J(h*)[AM p ® a (A^V (d *)))*^( A *(c) a ® j9 A»((a6)*))] 

Proof. The proof is identical to ([L2],9.9), thanks to l4.2( ii). □ 

4.5. Proposition. There exists a closed densely defined anti-linear op- 
erator G on such that the linear span of : 
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with a, c in (91$ nD f tr L )*(D r t$ fl9tr H ); b, d in T^ >Tr , is a core of G , and 
we have : 

G [( A tV.(fc*)))^ A *W A*((cd)*))] = 

( A tV l (^)))* f/ ^( A ^ c ) «®/9 A *((^)*)) 

Proof. The proof is identical to ([L2],9.10), thanks toQiii). □ 

4.6. Theorem. Let (N,a, /3,M,T) be a Hopf-bimodule, equipped with 
a left-invariant operator-valued weight Tl, and a right-invariant valued 
weight Tr; let v be a normal semi-finite faithful weight on N, relatively 
invariant with respect to Tl and Tr/ we shall denote $ = v o a^ 1 o Tl 
and = v o f3~ l o T R the two lifted normal semi-finite weights on 
M. Let G be the closed densely defined antilinear operator defined in 
\4-5\ and let G = ID 1 / 2 its polar decomposition. Then, the operator D 
is positive self-adjoint and non singular; there exists a one-parameter 
automorphism group r t on M defined, for x G M , by : 

T t (x) = D' it xD it 

We have, for all n & N and t G R : 

T t (a{n)) = a{a u t (n)) 

r t (/3(n)) = /3«(n)) 
which allows us to define T t p* a Tt, T tl3 * a af and erf p* a r^ t on M p* a M; 

N N N N 

moreover, we have : 

r°r t = (r tf3 * a T t )T 

N 

r o of = (r t (3* a af)T 

N 

T oaf = (erf f3* a r_ t )T 

N 

Proof. The proof is identical to [L2], 9.12 to 9.28. □ 

4.7. Theorem. Let (N,a, (3, M,T) be a Hopf-bimodule, equipped with 
a left-invariant operator-valued weight T L , and a right-invariant valued 
weight Tr; let v be a normal semi-finite faithful weight on N, relatively 
invariant with respect to Tl and Tr; we shall denote $ = v o a^ 1 o Tl 
and iff = v o f3~ x o Tr the two lifted normal semi-finite weights on M . 
Let G be the closed densely defined antilinear operator defined in \4-5\ 
and let G = ID 1 / 2 its polar decomposition. Then, the operator I is 
antilinear, isometric, surjective, and we have I = I* = I 2 ; there exists 
a *-antiautomorphism R on M defined, for x G M , by : 

R(x) = Ix*I 
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such that, for all t Gl, we get R o r t = r t o R and R 2 = id. 
For any a, b in 91^ fl 9lr fl we have : 

R((ujvA 9 (a) p*a id)T(b*b)) = (ujj 9A ^ ib) (s* a id)T(a*a) 

N N 

and for any c, d in 91$ fl %It l , we have : 

R((id (3* a uj^(c))T(d*d)) = (id p* a uj J<s>A<s>{d) )T(c*c)) 

N N 

For all n G N , we have R(a(n)) = f3{n), which allows us to define 
R p* a R from M p* a M onto M a *pM (whose inverse will be R^pR), 

N N N° N° 

and we have : 

ToR = q N o(R /3 * a R)T 

N 

Proof. The proof is identical to [L2], 9.38 to 9.42. □ 

4.8. Theorem. Let (N,a, /3, M,T) be a Hopf-bimodule, equipped with 
a left-invariant operator-valued weight Tl, and a right-invariant valued 
weight Tr; let v be a normal semi-finite faithful weight on N, relatively 
invariant with respect to Tl and Tr; we shall denote $ = v o or 1 o T^; 
then : 

(i) M is the weak closure of the linear span of all elements of the form 
(uj p* a id)T(x), for all x G M and uj G M* such that there exists k > 

JV 

such that uj o (3 < kv. 

(ii) M is the weak closure of the linear span of all elements of the form 
(id p* a uj)T(x), for all x G M and uj G M* such that there exists k > 

such that uj o a < kv. 

(Hi) M is the weak closure of the linear span of all elements of the 
form (id* uj vw )(W), where v belongs to D^H^^) and w belongs to 
D{{H 9 )^)\ ' 

Proof. The proof is identical to [L2], 9.25. □ 

4.9. Definition. Let (N, a, (3, M, V) be a Hopf-bimodule, equipped with 
a left-invariant operator- valued weight Tl , and a right-invariant valued 
weight Tr; let v be a normal semi-finite faithful weight on N, relatively 
invariant with respect to Tl and Tr; we shall denote $ = y o a -1 o 
and ^ = z/o/5 _1 oTr the two lifted normal semi-finite weights on M; let 
r t the one-parameter automorphism group constructed in 14.61 and let R 
be the involutive *-antiautomorphism constructed in 14.71 We shall call 
r t the scaling group of (N, a, (3, M, T, Tl, Tr, v) and R the coinverse of 
(N, a, (3, M, T, Tl, Tr, v). Thanks to 14.71 and 14.81 we see that, Tl and 
v being given, R does not depend on the choice of the right-invariant 
operator- valued weight Tr, provided that there exists a right-invariant 
operator-valued weight Tr such that v is relatively invariant with re- 
spect to Tl and T R . 
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Similarly, from 14.61 one gets that, for all x in M, uj G M* such that 
there exists k > with uj o a < kv, uj' G M* such that there exists 
k > with uj o {3 < kv, one has : 

T t {{id (3* a Uj)T(x)) = (id (3* a uj o o%)Tof(x) 
N N 

T t {{u' /3*o id)Y(x)) = (uj' o erf p* a id)To%(x) 

N N 

So, Tl and z/ being given, r t does not depend on the choice of the 
right-invariant operator- valued weight T R , provided that there exists 
a right-invariant operator-valued weight Tr such that v is relatively 
invariant with respect to Tl and Tr. 

4.10. Theorem. Let (N, a, j3, M, T) be a Hopf-bimodule, equipped with 
a left-invariant operator-valued weight Tl, and a right-invariant valued 
weight Tr; let u be a normal semi-finite faithful weight on N, relatively 
invariant with respect to Tl and Tr; we shall denote $ = v o a" 1 o Tl; 
then, for any £, rj in D( a H$, v) n D((H$)z, u°), (id* uj^ v )(W) belongs 
to D(Ti/ 2 ), and, if we define S = Rri/ 2 , we have : 

S((id * uj^)(W)) = (id * uj v ^)(W)* 

More generally, for any x in D(S) = D(Ti/ 2 ), we get that S(x)* belongs 
to D(S) and S(S(x)*)* = x; S will be called the antipod of the measured 
quantum groupoid, and, therefore, the co-inverse and the scaling group, 
given by polar decomposition of the antipod, rely only upon the pseudo- 
multiplicative W . 

Proof. It is proved similarly to [L2] 9.35 and 9.36. □ 

4.11. Proposition. Let (N,a, (3, M,T) be a Hopf-bimodule, equipped 
with a left-invariant operator-valued weight Tl, and a right-invariant 
valued weight Tr; let v be a normal semi-finite faithful weight on N, rel- 
atively invariant with respect to Tl and Tr; let r t be the scaling group of 
(N, a, P, M, T, Tl, Tr, v) and R the coinverse of(N, a, P, M, T, Tl, Tr, v); 
then : 

(i) the operator-valued weight RTrR is left-invariant, the operator valued- 
weight RTlR is right-invariant, and v is relatively invariant with re- 
spect to RT R R and RT L R- 

(ii) r t is the scaling group of (N, a, P, M, Y, RT R R, RT L R, v) 

Proof. Let $ = v o a^ 1 o Tl and \I/ = v o p~ l o Tr the two lifted normal 
semi-finite weights on M by T L and T R ; the lifted weight by RT R R 
(resp. RT L R) is then ^ o R (resp. $ o R). As of oR = Roo%oR and 
of oR = R o o"* s o R ) we get that o^° R and o®° R commute, which is (i). 
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From ETB1 and 14.71 we get that : 
T o of oR = ToRoo%oR = q N o(Ri3* a R)T oo* t oR 

N 

= q No {R ool t oR a * p Ro Tt o R) qN T = (r t p* a v?° R )T 

N° N 

from which we get that, for all x G M and to G M* such that there 
exists k > such that u o a < ku, we have : 

T t {{id p * a u)T{x)) = {id p * a uool° t R )T(of oR (x)) 

N N 

from which we get, by 14.81 that r t is the scaling group associated to 
RT R R, RT l R and v. □ 



5. Automorphism groups on the basis 

In this section, with the same hypothesis as in chapter HI we construct 
two one-parameter automorphism groups on the basis iV (15.21) . and 
we prove (15. 7p that these automorphisms leave invariant the quasi- 
invariant weight v. We prove also in 15.71 that the weight v is also 
quasi-invariant with respect to Tl and RTlR. 

5.1. Lemma. Let (N,a, (3, M,T) be a Hopf-bimodule, equipped with a 
left-invariant operator-valued weight Tl, and a right-invariant valued 
weight Tr/ let v be a normal semi-finite faithful weight on N, relatively 
invariant with respect to Tl and Tr. Let x G M H a(N)' and y G 
Mn/3(N)'. Then : 

(i) x belongs to f3(N) if and only if we have : 

T(x) = 1 p® a x 

N 

(ii) y belongs to a(N) if and only if we have : 

r(y) = y p® a 1 

N 

More generally, if x\, x<i are in M R a(N)' and such that T(x\) = 
1 /3®a ^2? then X\ = x 2 G P(N). 

N 

Proof. The proof is given in [L2], 4.4. □ 

5.2. Proposition. Let (N, a, (3, M, T) be a Hopf-bimodule, equipped 
with a left-invariant operator-valued weight Tl, and a right-invariant 
valued weight Tr; let v be a normal semi-finite faithful weight on N, 
relatively invariant with respect to Tl and Tr. Then, there exists a 
unique one-parameter group of automorphisms 7 t L of N such that, for 
allt el and n G N , we have : 

o^((3(n))=f3( 1 t(n)) 

af T ^(a(n)) = a(-&(n)) 
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Moreover, the automorphism groups r ) L and o v commute, and there 
exists a positive self-adjoint non-singular operator 77 Z(N) fl iV 7 
such that, for any x G N + and t Gl, we have : 

Starting from the operator-valued weights RT R R and RTlR, we obtain 
another one-parameter group of automorphisms 7^ of N, such that we 
have : 

a?«(a(n)) = a( 1 R t (n)) 

and a positive self-adjoint non-singular operator h R r\ Z(N)QN lR such 
that we have : 

v o 7 f (x) = v{ti R x) 

Proof. The existence of 7< L is given by [L2], 4.5; moreover, from the 
formula af o af ((3{n)) = af o af (/?(n)), we obtain : 

which gives the commutation of 7/" and a v _ s . The existence of hi is then 
straightforward. The construction of 7 fi and h R is just the application 
of the preceeding results to RT R R, RTlR and v. □ 

5.3. Proposition. Let (N,a, (3, M,T) be a Hopf-bimodule, equipped 
with a left-invariant operator-valued weight Tl, and a right-invariant 
valued weight T R ; let v be a normal semi-finite faithful weight on N, 
relatively invariant with respect to Tl and Tr. Let T' L (resp. T' R ) be 
another left (resp. right) -invariant operator-valued weight; we shall de- 
note $ = v o oT x o Tl, $' = v o a^ 1 o T' L , \& = v o f3~ x o Tr and 
^' = v o f3~ l o T' R the lifted normal semi-finite weights on M; then, we 
have : 

(3{hf) = (DV o af : D^' o r t ) s 

ff(^) = (J)$'o<7*:D$'or ( ) ( 

where t s is the scaling group constructed from Tl, Tr and v as well 
from RTrR, RTlR and v ^4.6] and \4-ll\ ). 



Proof. From 14.61 we get, for all t G K, T o afr-t = (id p* a af T-t)T, 

N 

and, therefore, by the right-invariance of T R , we get, for all x G 9JtJ, , 

R 

that T t a® t T' R af T_ t (x) = T' R (x); let now x G 9Jt^,; T' R (x) is an element 
of the positive extended part of f3(N) which can be written : 



/■oo 

/ Xde\ + (1 — p)oo 
Jo 
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where p is a projection in /3(N), and e\ is a resolution of p. As x 
belongs to SDT^,, it is well known that p = 1, and T' R (x) = \de\. 
There exists also a projection q and a resolution of q such that : 

POO 

T t^ t T' R afT_ t (x) = / Xdf x + (1 - g)oo 
and, for all G M + , we have, because e^xe^ belongs to 97tJ, : 

R 

poo 

e M ( / Xdfx)e ll + e M (l - g)e A1 oo = e tl T t a%T R afT-. t (x)e ti 
Jo 

= r t(y^tT' R afT_ t (e^xe^ 
= T^e^xe^) 

from which we infer that (l — q)e fl = 0, and, therefore, that q — 1; then, 
we get that e^T t a® t T' R afT_ t (x)e^ is increasing with /i towards T' R (x). 
Therefore, we get that : 

n^tT^afr^x) C T^(x) 

and, finally, the equality, for all x G 5DT^, : 

Moreover, as we have, for all n E N 

r t otMn)) = 



we get, using [5721 that, for all a; G 97t^, : 

V{{3{h L tl2 )af T_ t (xMh L t/2 )) = V(x) 

and, therefore, that, for all x G M + : 

*'( / 9(/ l - t/2 ) ( 7fr_ t (x)^(/ i - t/2 )) < V(x) 

A similar calculation (with r t o^_ t instead of afr-t) leads to : 

which leads to the equality, from which we get the first result. 
Applying this result to RT R R, RT L R and u, we get, using again |4~TT1 : 

P(h%) = {D& o R o a? oR : D& o R o r t ) s 
= (£>$' oa* t oR: D& o r t o R) s 
= R[((D&oa%:D&oT t Uy} 

which leads to the result. □ 
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5.4. Corollary. Let (N,a, /3, M,T) be a Hopf-bimodule, equipped with 
a left-invariant operator-valued weight Ti, and a right-invariant valued 
weight T R ; let v be a normal semi-finite faithful weight on N, relatively 
invariant with respect to T L and T R . We shall denote $ = v o a -1 o T L 
and m — v o (3~ l o Tr the two lifted normal semi-finite weights on M , 
R the coinverse and r t the scaling group constructed in \J^.l\ and \4-6[ we 
shall denote X the scaling operator ofm with respect to $ 6]) . hi and 
h R the operators constructed in \5.S\ Then, for all s, t m M : 

(i) (Dm :Dfor ( ) s = X ist (3(hf) 

(ii) : £>$ o Tt ) s = \ ist a(h% 1 ) 

(in) (D$ : £>$ o a*° t R ) s = \ ist a(hf)a(hl ist ) 
(iv) (Dm : Dm o af oR ) s = X ist P(hf)l3(h- R ist ) . 

Proof. Applying with T' R = T R , as (Dm o af : Dm) s = \~ lst (LTdD . 
we obtain (i). Applying E3] with T' L = T L , as (L>$ : L>$ o a% ) s = X ist , 
we obtain (ii). Applying 15.31 with T' R = RT L R, we obtain : 

fi(hf) = (DQoRoaf : D<$>oRo Tt ) s 
= (L>$ o a*° R o R : L>$ o r t o R) s 
= R{{D$ o c*° R D$ o T t )*_ 8 ) 
and, therefore a(h l £ f ) = (D& o a®° t R : D<& o r t )*_ s from which one gets : 
a^f) = (L>$ o a ®° t R : L>$ o r t ) s 

Using (ii), we get : 

p$ : D$ o atf)s = A iS 'a(^)a(^ st ) 
which is (iii). And applying 15.31 with T' L = RT R R, we obtain (iv). □ 

5.5. Lemma. Let M be a von Neumann algebra, $ a normal semi- 
finite faithful weight on M, 6 t a one parameter group of automorphisms 
of M. Let us suppose that there exists a positive non singular operator 
fi affiliated to M* such that, for all s, t in R, we have 

(£>$ o t : D$) s = n ist 

We have then, for all i el, 6 t (ii) = fi. Let us write \i = J °° \de\ the 
spectral decomposition of n, and let us define f n = fy n de\. We have 
then, for all a in 91$, t in R ; n in N : 

^J s A # (o/„) °8t = ^J s A s (6»_t(a)/ n/ Ltt/2) 

Proof. Let us remark first that 9 t (fi) = /i, and, therefore, 6 t (f n ) = f n . 
On the other hand, for any a in M, we have : 

e- t o-?6 t (x) = af^(x) = vPafix)!*-" 

and then : 

d_ t af(x)=fi ist af6_ t (x)fi- ist 
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If now x is analytic with respect to $, we get that O-t(fnXfm) is analytic 
with respect to $ and that : 

fJ- t cT? /2 (x)f m = ^ 2 f n af /2 {9_ t {x))f m ^ 2 

Let us take now a in 9t$, analytic with respect to $; we have, for any 
y in M : 

^j*A$(/„a/ m ) ° Ot{y) = (9t(y)J$A$(f n af m )\J$A$(f n af m )) 

= (e*(y)A*(/ m (7%(o*)/ B )|A«(/ m (7%(o*)/ B )) 
= ^(fn(rf /2 (a)f m e t (y)f m ^ i/2 (a*)f n ) 

which, using the preceeding remarks, is equal to : 

$ o ^(//- t/ Vn4 2 (^- t (a))/ m ^ /2 ^ t/ Vm^ /2 (^ t (a*))/ n/ .-*/ 2 ) 

and, making now /„ increasing to 1, we get that ^j # A (a/ m ) ° ^(y) is 
equal to : 

$(af /2 (^(a))/ m ^/ 2 ^ 2 / m ^ /2 (^(a*))) 

= (yA $ (/ m ^/ 2 a%(^(a*)))|A $ (/ m/ i*/ 2 a! l/2 (^(a*))) 

= (^A^^^a)/^'/ 2 )!^^^^/^/ 2 )) 
from which we get the result. □ 

5.6. Lemma. Let (N,oe, (3, M,T) be a Hopf-bimodule, equipped with a 
left-invariant operator-valued weight T^, and a right-invariant valued 
weight Tr; let v be a normal semi-finite faithful weight on N, relatively 
invariant with respect to T L and T R . We shall denote $ = v o a -1 o T L 
and = v o f3~ x o Tr the two lifted normal semi-finite weights on M , 
R the coinverse and r t the scaling group constructed in \4- 7| and \4-6\ 
Then, we have : 

(i) there exists a positive non singular operator fii affiliated to M* 
and invariant under t%, such that (DQ o r t : D<&) s = [if 1 ; let us write 
H\ = J °° \de\ and f n = fy n de x ; we have then, for all a in 91$, t in 
M., n in N and x in M + : 

^J*A (r t (a)/„) = ^A^a/^/ 2 ) ° T - f 

T o r t (x) = a o a\ o a~ x (T (ijl{ 2 x Hi 1 ^ 2 )) 

(ii) there exists a positive non singular operator /i 2 affiliated to M* and 
invariant under af oR , such that (.0$ o a_^ R : D$>) s = fi 2 st ; let us write 
A*2 = / °° \de' x and f' n = J t , de' x ; we have then, for all b in 91$, {inl 
and n in N : 

T{atf{^ t/2 x^f)) = a o o a-\T(x)) 
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Moreover, we have fif = \~ ts a(h~^ s ) , fif = fi\ s a(h l £), and n % *, /4 S ; 
<y(h£) belong to a(N) f D M*. The non-singular operators [L\, \xi and 
a (hi) commute two by two. 

Proof. ByEH(ii), we get that (D$ o r t : D$) s = \- ist a(h~ R ist ) , as A is 
positive non singular, affiliated to the center Z(M), and h R is positive 
non singular affiliated to the center of N, we get there exists fii positive 
non singular, affiliated to M * such that : 

/4 s * = \- ist a(h R ist ) = (£>$ o r t : 

We can then appfy l5~5l to r t and T t (a)f n (which belongs to 91$) to get the 
first formula of (i). On the other hand, we get that aocr^oa^oTort is a 
normal semi-finite operator-valued weight which verify, for all x G M + 

a o a v _ t o a -1 o T o r t (x) = T(^i( 2 x\i( 2 ) 

from which we get the second formula of (i). 

ByE3Kiii), we get that (D$ o a*° t R : D$) 3 = \~ lst a(h- R ist )a(hf)- with 
the same arguments, we get that there exists positive non singular, 
affiliated to M* such that : 

^ = \- ist a (K£i st )a(hf) = (D$ o atf : D$) s 

and we get the first formula of (ii) by applying again 151)1 with cr^ R . 
On the other hand, using |5T2| we get that a o 7_ t o a' 1 o T o erf^ is an 
operator-valued weight which verify, for all x G M + : 

i/oao 7 i 1 oa' 1 oToa*f(i) = v(hl tf2 a- l (Ta*f(x))h; t/2 ) 

= Ha(hl t/2 a*f(x)a(h L t/2 )) 

= ^ o ^_f[a(h L tl2 )xa(h- L tl2 )} 

= ^fa(hl t/2 )xa(hl tl2 )^f) 

+/2 f/2 

from which we get, because \x 2 ct(h L ) commutes with a(N) : 
a o o a- 1 o T o (*) = T(/xf aQtf^xaitf^tf ) 

or : 

T(a*f (*)) = a o o oc- l (T(^fx^f)) 
from which we finish the proof. □ 

5.7. Proposition. Let (N,a, (3, M,T) be a Hopf-bimodule, equipped 
with a left-invariant operator-valued weight Ti, and a right-invariant 
valued weight Tr; let v be a normal semi-finite faithful weight on N, 
relatively invariant with respect to Ti and Tr. We shall denote $ = 
uoa^ 1 oTi and \1/ = i/o/3 _1 oTr the two lifted normal semi-finite weights 
on M , R the coinverse and r t the scaling group constructed in \4-7\ and 
\4-6] ' let A be the scaling operator of ^ with respect to $ \2. 6]) . 7 L and 
7^ the two one-parameter automorphism groups of N introduced in \5.2\ 
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; then, we have : 

(i) for allteR : 

Fo Tt = {a t fs* a <r_ t )T = {a t p* a a_ t )T 

N N 

(ii) h L = h R = 1, and : 



(Hi) for all s, t in 



(iv) for all s, t in 



T F? 

l> O '-f = v o 7 = V 



(D$ : o r t ) s = X ist 
(D^ : Dm o T t ) s = X ist 



(£>$ o af oR :D<5>) S = X ist 

Therefore, the modular automorphism groups a* and a^ oR commute, 
the weight v is relatively invariant with respect to <3> and $ o R and X is 
the scaling operator o/$oi? with respect to $; and we have r t (X) = X, 
R{X) = X; 

(v) there exists a non singular positive operator q affiliated to Z(N) 
such that X = a(q) = (3{q) . 

Proof. As, for all n 6 N, we have : 

o-THn)) = RafR(a(n)) = a(^(n)) 

and, by definition, af{j3{n)) = /3(7^(n)), using a remark made in 12.41 
we may consider the automorphism o~_ t p* a crf oR on M p* a M; let's 

N N 

take a and b in 91$ fl 91^; let's write h L = Xde^ and let us write 
h p = Jy p de^; moreover, let's use the notations of 15. 6( we have : 



{id(3* a ujj^ {ba{hp)fL) )(a^ t p* a a t ° )T o T t (f n a*af n ) 

N N 



is equal to : 

o-%(id f3* a Uj m Az(b a (h v )fU ° crf oR )T o T t (f n a*af n ) 

N 

which, thanks to I5.6( ii). can be written, because a(h p ) belongs to 
a(N)' n M*, and therefore ba{h p ) belongs to 01$ : 

a^Aid 3* a Ul 7 . , 4 >oi?,L ,u \\t, ° T tifn a * a fn) 

or : 



Raf oR R{tdp*a ^ As((J *cH (6Q( ^ ))/;iM -t/ 2) )r o r t {f n a*af n ) 



By 15.61 and 12.2.21 we know that a/ n /// belongs to 91$ fl 91t l ; using 
now l5.6( i). we get that r t (af„) = r t (a)f n belongs to 91$ fl 9tr L - 
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On the other hand, by 15.61 and 12.2.21 we know that ba^hp)/^ belongs 
to 91$ fl 9V L ; using now 15.6( h). we get that : 

a*f (ba(h p )f^- t/2 ) = a^ t R (b)f' m ^ t/2 a(h p )a(hf) 
belongs to 9t$ fl 9Tt l , and so, using again 12.2.21 

^ t R {b)f m ^ t/2 a{h p ) = o*f (b)f^ t/2 a(h p )a(hf )a{h p )a{hr L t/2 ) 

belongs also to 9t$ fl 9Tt l ; therefore, we can use 14.71 and we get it is 
equal to : 

N 



which can be written, thanks to I5.6( i) : 

or, a(h p ), as well as fa^fmi being invariant under af oR : 



R ( id /»*« "j*A*(af n »r))(°? 0R **« ^*)r o atf ... 

N v 1 ' N 

(>2~ </2 fL®( h p) b * ba ( h p)fLv2 t/2 ) 

and using 14.61 and again 14.71 we get it is equal to : 

R{(id p * a ^ j4>A4>(a/n ^/ 2) )r(/i^ /2 /™«(^p)&*&«(/i P )/^/i2" </2 )] 

= (id * a w j4At(6a(hp)/ ^-*/a))r(^ /2 /na*a/ n ^ /2 ) 

Finally, we have proved that, for all a, b in 91$ fl 9It l , wi, w,p in N, we 
have : 

(id ^j$A 4 ,(6o ! (fe p )/^))(o--i /3*q o-f 0jR )r o r t (f n a*af n ) = 

N N 

But, for all x,y E M, we have : 

c^A^MM/;*)^) = ujeA^iaihpjf^xf^aihp)) 

w j*A*(KMW /2 ) (y ) = ^J^{b)(a{h p )f^- t/2 x^ t/2 f m a(h p )) 
and, therefore, we get that : 



(irf /3 * Q u;j 4> A $ ( ;) ))[(l /3 (g) a a(/ip)/^)(a_ f/3 * Q cr t ° ') r °n(/na*a/n)(l/3®a/m a (M)] 

N N N N 



is equal to : 



(idp* a u)j^ A ^ (b) )[{lp® Q a{h p )f^fi 2 t/2 )r(fi\ /2 f n a^ 

N N N 



ON LESIEUR'S MEASURED QUANTUM GROUPOIDS 35 

and, by density, we get that : 

(1 p ® a a{h p )f' m ){a% p * a af oR )Y o r t (f n a*af n )(l p ® a f m a{h p )) 

N N N 

is equal to : 

(1 f3® a a{h p )f^fi2 t/2 )T{fi\ /2 /„a*a/„/4 /2 )(l p® a fh fL a (Jh>)) 

N N 

and, after making p going to oo, we obtain that : 

(1 p® a f' m ){a% /3* Q af oR )T o Tt (f n a*af n )(l p ® a f m ) 

N N N 

is equal to (*): 

C 1 /3®a /m^2* /2 ) r i l /» a *°/nMl ))(1 /3®a fm) 
N N 

Let's now take a file eij in 91$ n 9Tt l weakly converging to 1; we get 
that (1 p ® a f' m ){a% p * tt af oR )T o r t (/„)(l ^ /J is equal to : 

N N N 

(1 p®« f' m ^ t/2 )T{nf f n nf )(1 ^ /i-* /2 /;) 

AT AT 

When n goes to oo, then / n is increasing to 1, the first is increasing to 
1 p®a f' m i an d the second is increasing to : 

N 

(1 /3®a /^2* /2 )r(//* 1 )(l ^ fl2 t/2 fL) 
N N 

which is therefore bounded. 

Taking now m going to oo, we get that the two non-singular operators 
r(/4) and 1 /3® a /4 are equal. Using UTT] we get then that \i\ is equal 

iV 

to H2 (and is affiliated to /3(N)), from which we get, using [576l that 
/il = 1. Applying all these calculations to (N, a, /3, M, T, RTrR, Tr, u), 
we get that Hr = 1, which is (ii). 

Let's come back to the equality (*) above; we obtain that : 
(1 p®a f'J^-t P*a ^f oi? )r o T t (f n a*af n )(l p® a f m ) 

N N N 

is equal to : 

(iA/Dr(A"V»)(iA/l) 

V V 

So, when n and m go to oo, we obtain : 

(<r* t p*a af oR )Tor t (a*a)=T(a*a) 

N 

which, by density, gives the first formula of (i), the secong being given 
then by ELTT1 

From (ii) and 15.41 (i) and (ii), we get (iii). 

From (ii) and l5T47 iii). we get that o af oR : D®) 3 = \ ist ; therefore, 
as A is affiliated to Z(M), we get the commutation of the modular 



groups a and a . Using 12.61 we get that there exists Xr positive 
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non singular affiliated to Z(M) and 5r positive non singular affiliated to 

M such that (D$ o R : D$) 4 = A^ ^5% and the properties of R allows 
us to write that R(Xr) = Xr. But, on the other hand, the formula 
(DQ o af oR : D$) 8 = Ajf RIM , gives that X R = A and, therefore, we 
get that R(X) = X. The formula r t (X) = X comes from (iii), which 
finishes the proof of (iv). 

By (i), we have X = fi\ = fi2, and, as we had proved that /xi is affiliated 
to P(N), we get that A is affilated to (3(N); as R(X) = A by (iv), we 
get (v). □ 

6. Measured Quantum Groupoids 

In this chapter, we give a new definition (16.11) of a measured quantum 
groupoid, and, using [L2], we get some other results, namely on the 
modulus (16. 3p . the antipod (16. 4p . and the manageability of the pseudo- 
multiplicative unitary (16.51) . all results borrowed from Lesieur. 

6.1. Definition. An octuplet (N, M, a, j3, T, Tl, Tr, v) will be called a 
measured quantum groupoid if : 

(i) (N, M, a, (3, T) is a Hopf-bimodule 

(ii) Tl is a normal semi-finite faithful operator-valued weight from M 
to a(N), which is left-invariant, i.e. such that, for any x G 9Jl^ : 

(id (3* a T L )T(x) = T L (x) p® a 1 

N N 

(iii) Tr is a normal semi-finite faithful operator-valued weight from M 
to P(N), which is right-invariant, i.e. such that, for any x G 97tJ : 

(T R * a id)T(x) = 1 p® a T R (x) 

N N 

(iv) v is a normal semi-finite faithful weight on N, which is relatively 
invariant with respect to Tl and Tr, i.e. such that the modular auto- 
morphism groups a* and cr* commute, where $ = v o or x o Tl and 
^ = v o p- 1 o T R . 

Let R be the co-inverse constructed in 14 .7( thanks to 15.71 we get that 
(N, M, a, j3, T, Tl, RTlR, v) is a measured quantum groupoid (as well 
as (TV, M, a, /3, T, RT R R, T R , u)). Moreover, R (resp. r t ) remains the co- 
inverse (resp. the scaling group) of this measured quantum groupoid. 

6.2. Remark. Let (N, M, a, j3, T, T L , T R , v) be a measured quantum 
groupoid in the sense of 16. 1\ and let us denote R (resp. r f ) the co- 
inverse (resp. the scaling group) constructed in 14.71 (resp. I4.6p . Then 
(TV, M, a, P, T, Tl, R, t, v) is a measured quantum groupoid in the sense 
of [L2], 4.1. 

Conversely if (N, M,ot, f3,T ,T, R, r, z/) is a measured quantum groupoid 
in the sense of [L2], 4.1, then (N, M, a, (3, Y, T, RTR, v) is a measured 
quantum groupoid in the sense of 16.11 
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6.3. Theorem. Let (N, M, a, (3, V, T^, Tr, v) be a measured quantum 
groupoid; let us denote $ = v o a -1 o Tl, and let R be the co-inverse 
and T t the scaling group constructed in and "J7B, Let 8r be the 
modulus of § o R with respect to $. Then, we have : 

(i) R{8 R ) = 5 R \ n(5 R ) = 5 R , for allteR. 

(ii) we can define a one-parameter group of unitaries 5% j3® a 5^ which 

N 

acts naturally on elementary tensor products, which verifies, for all 
t£R: 

r(<$£) = 4 p ® a 5* 

N 

Proof. Thanks to 16.21 we can rely on Lesieur's work [L2]; (i) is [L2], 
5.6; (ii) is [L2], 5.20. □ 

6.4. Proposition. Let (N, M, a, (3, T, Tl, Tr, v) be a measured quan- 
tum groupoid; let us denote $ = uoa^ 1 oTl, and let R be the co-inverse 
and r t the scaling group constructed in \4-7\ and \4-6] Then : 

(i) the left ideal ^\ Tl fl fl %Irt l r H VI^or is dense in M, and the 
subspace A$(DT ri fl 0t$ fl ^rtlR H 9T$ 0j r) is dense in H<$>. 

(ii) there exists a dense linear subspace E C 0^$ such that A$(E) is 
dense in H<$> and J$A$(E) C D( a H$, v) fl D((H<s,)p, u°). 

Proof. Part (i) is given by [L2] 6.5; part (ii) by [L2] 6.7. □ 

6.5. Theorem. Let (N, M, a, (3, V, Tl, Tr, v) be a measured quantum 
groupoid; let us denote $ = v o a~ l o Tl, and let R be the co-inverse 
and T t the scaling group constructed in \4-7\ and \4-6\ Then : 

(i) there exists a one-parameter group of unitaries P lt such that, for 
allt el and x G : 

P u A^(x) = A* /2 A$(n(x)) 

(ii) for any y in M, we get : 

Tt (y) = P lt yP- u 

(Hi) we have : 

W{P U p® a P u ) = (P il a ® $ P U )W 

N no 

(iv) for allv G D(p- l l 2 ), w G Z^P 1 / 2 ), p, q in D( a H*,u)nD((H*)0,v°) 
we have : 

(W*(v a ® q)\w(]®aP) = {W{P~ 1/2 v p® a J^p)\P 1/2 w a ®p J*q) 

The pseudo-multiplicative unitary will be said to be "manageable" , with 
"managing operator" P. 

(v) W is weakly regular in the sense of [E2], 4-1 

Proof. The proof is given in [L2], 7.3. and 7.5. □ 
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6.6. Theorem. Let (N, M, a, (3, V, T^, Tr, v) be a measured quantum 
groupoid; let us denote $ = v o a^ 1 o Tl, and let R be the co-inverse 
and r t the scaling group constructed in\4-7\ and\4-6] Let T' be another 



left-invariant operator-valued weight; let us write $' = uoa^ 1 oT' and 
let us suppose that : 

(i) (N, M,a, (3,Y,T' , RT'R,u) is a measured quantum groupoid; 

(ii) Tt is the scaling group of this new quantum groupoid; 

(Hi) for allt 6 M., the automorphism group 7 L of ' N defined by o~f (/3(n)) 
P{lt L ( n )) commutes with ; 

Then, there exists a strictly positive operator h affiliated to Z(N) such 
that (DT' : DT) t = (3{h lt ). Moreover, we have then 7 L = 7 L . 

Proof. This is [L2] 5.21. Then, we get : 

P(i L (n)) = o-f((3(n)) = Pih^MrtinWih*) = (3{^{n)) 

□ 
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